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Abstract
The result of a measurement, including the expression of uncertainty in the measurement, should
represent a carefully considered opinion based on the metrologist’s experience and expertise, as well
as on the data and other information sources. This is the position of the Guide to the expression of
uncertainty in measurement (GUM), and the requirement for such judgement is clear in the case of
Type B evaluation. However, when making Type A evaluations, involving statistical analysis of data,
the GUM and its various supplements implicitly consider the data to be the only relevant information.
This is unfortunate, and arguably unscientific, when, as is frequently the case, the metrologist could
bring other relevant information to bear.
Bayesian statistical methods allow the use of prior information in addition to the data in Type A
evaluation, and have been advocated by several authors. However, prior information is in principle
subjective; another metrologist may bring different prior information to the analysis, leading to a
different measurement result. As in other fields, there is some resistance in the metrology community
to embrace Bayesian methods using substantive, subjective prior probability distributions.
We identify four desiderata — justification, simplicity, sufficient benefit and verification — that
a Bayesian method employing prior information should satisfy. We present two prior distributions
for use in the most basic of all Type A evaluations, where the data comprise a sample of indications
assumed to be normally distributed. They represent prior information about the variance of the
normal errors, in a simple form that is readily justified in practice. We show the benefit of these prior
distributions, both in the single Type A evaluation and in a more complex measurement model, and
present simple guidance for verifying their validity.
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1.1

Introduction
Metrology and the Guide to the expression of uncertainty in measurement

Measurement is an essential part of human activity. Estimates of quantities are required for a diverse
range of applications and for each of these estimates a statement is needed about its quality. Such a
statement is usually made with measurement uncertainty. The two components, the estimate and the
associated uncertainty, together constitute a common way of reporting a measurement result [6].
Measurement uncertainty plays an important role in many areas such as assessing compliance with regulation, and in the calibration of measuring systems. Calibration and testing laboratories are obliged [1]
to state the uncertainty of their measurement results, so that recipients can take that uncertainty into
account when evaluating their own results.
The Joint Committee for Guides in Metrology (JCGM) is responsible for maintaining and promoting
the use of the Guide to the expression of uncertainty in measurement (GUM) [3] and the International
vocabulary of basic and general terms in metrology (VIM) [6]. The GUM (JCGM 100) has for a long
time been the authoritative document concerned with the evaluation and expression of measurement
uncertainty that attempts to meet this objective:
This Guide establishes general rules for evaluating and expressing uncertainty in measurement
that can be followed at various levels of accuracy and in many fields — from the shop floor to
fundamental research. Therefore, the principles of this Guide are intended to be applicable
to a broad spectrum of measurements . . .
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In addition to the GUM, the JCGM has produced two documents on the propagation of probability distributions, JCGM 101 [7] for a single measurand (the quantity intended to be measured) and JCGM 102 [4]
for multivariate measurands. It has also produced a document JCGM 106 [5] on the use of measurement
uncertainty in conformity assessment and, most recently, guidance (JCGM GUM-6) on developing and
using models of measurement [8].
The GUM suite of documents uses the concept of standard uncertainty, which is specifically defined [3,
clause 2.3.1] as the ‘uncertainty of the result of a measurement expressed as a standard deviation’.
The GUM treats measurement as in general involving a measurement model relating the measurand Y
(taken as a univariate quantity here) to input quantities Xi :
Y = f (X1 , . . . XN ).
Knowledge of Y can be determined given f and knowledge of the Xi . Typically, the GUM itself requires
estimates xi of the Xi , associated standard uncertainties u(xi ) and possibly covariances between the Xi .
The process of determining the estimate and standard uncertainty of a model input is itself a measurement,
and in the context of such a measurement we will refer to the input quantity as the measurand.
Guidance is given in the GUM on estimating the input quantities and on Type A and Type B evaluation of
their standard uncertainties. A Type A evaluation uses statistical methods such as taking the arithmetic
mean of a set of readings obtained independently under the same conditions of measurement, and using
the standard error of the mean as the standard uncertainty. A Type B evaluation uses a knowledgebased probability distribution for an input quantity, taking the standard deviation of the probability
distribution as the according standard uncertainty.
The act of evaluating a quantity Xi (for instance, Type A evaluation) is measurement, and in the
context of that measurement that quantity is the measurand. But that evaluation occurs prior to, and
outside the context of a measurement model in which Xi is to be used as an input to a measurement
of another quantity Y . Now Xi is no longer the subject of the measurement and, in the context of that
measurement, Y is the measurand and Xi is just an input.
Degrees of freedom are assigned to inputs, along with estimates and standard uncertainties, as part of
Type A and Type B evaluation. The GUM considers a probability distribution characterized by the
measurement result in the form of a normal or a shifted and scaled Student’s t from which a confidence
interval for the measurand is obtained. The degrees of freedom of the t distribution is estimated in the
GUM using the Welch-Satterthwaite formula [16].
Confidence intervals are expressed in terms of expanded uncertainty. So, a typical measurement result
will involve an estimate, a standard uncertainty and an expanded uncertainty for a 95 % coverage.
Although the GUM still has enormous influence in metrology, with uncertainty in measurements being
very widely and routinely evaluated exactly according to the procedure described above, several key
components of that procedure have been challenged by various authors. In the following subsections we
set out alternative elements that will be adopted in this article.

1.2

Two statistical paradigms

A long-running controversy in metrology concerns the underlying statistical methodology employed for the
expression of uncertainty in measurement. The two principal paradigms in statistics, termed ‘frequentist’
and ‘Bayesian’, express uncertainty in different ways and using different formal definitions of probability.
• Frequentist methods are based on the frequency definition of probability, where the probability
of an event is defined to be the frequency with which that event occurs in the long run, over
many repetitions. The Type A procedures given in the GUM are based on frequentist statistical
theory, and accordingly the resulting standard uncertainties quantify how variable the estimate of
a measurand will be over many repetitions of the measurement process.
• Bayesian methods employ a subjective definition of probability, whereby the probability of an event
is a subjective judgement representing a person’s rational degree of belief that it will occur. Type B
evaluation in the GUM is a subjective judgement and the resulting standard uncertainty quantifies
the metrologist’s uncertainty about the measurand.
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When Type A and Type B evaluations are combined, the GUM is mixing frequentist and Bayesian
concepts and has received considerable criticism for doing so (references include [12, 13, 15]). We believe that the only logical, coherent solution is to adopt the Bayesian paradigm consistently, including
making Type A evaluations using Bayesian methods. This accords with the suggestion in the GUM [3,
clause E.3.5] that disparate standard uncertainties can be combined because ultimately all expressions of
uncertainty must be the metrologist’s judgement and opinion, and with the use of Bayesian methods in
JCGM 101.

1.3

Bayesian methods

From the Bayesian perspective, uncertainty in any quantity is expressed using probabilities, and a complete description of that uncertainty consists of a probability distribution. A Bayesian Type A evaluation
for a quantity X will therefore result in a probability distribution for X. It should represent the metrologist’s considered judgements about X based on all the available information. In Bayesian analysis, a
distinction is made between the data, typically comprising the sample of experimental determinations of
X for a Type A evaluation, and the prior information, comprising all other knowledge the metrologist
may have, including experience with the measurement procedure and with quantities such as X in the
past. The information in the data is represented through the same statistical model as would be used in
frequentist Type A evaluation, but the Bayesian analysis also recognises the prior information represented
as a prior distribution for X. The two sources of knowledge are synthesised in a very natural way using
Bayes’ theorem. The result is a probability distribution for X, the posterior distribution, that represents
the sum of the metrologist’s knowledge about X.
An important potential benefit of Bayesian methods in metrology is the ability to make use of more
information. The addition of prior knowledge will typically result in less uncertainty regarding X than
would have been obtained through use of the data alone. It is worth noting that day to day measurements
in practising laboratories often involve Type A evaluations with very few experimental determinations;
sample sizes as low as three or four are commonplace. In this context, the addition of prior information
can offer substantial benefits.
Where a measurand is expressed as a function of various input quantities through a measurement model,
these quantities will all have probability distributions in a Bayesian analysis. An input that is subject
to Type A evaluation will have a posterior distribution. One that is subject to Type B evaluation will
have a distribution expressed directly as the metrologist’s judgement. Distributions for the inputs to
a measurement model imply a probability distribution for the measurand, which may for instance be
computed using the Monte Carlo method of GUM-S1. Probabilities and probability distributions are
always to be understood as representing the considered opinion and judgement of the metrologist.
Bayesian methods are often unfamiliar to scientists whose training in statistics has been confined to the
more common frequentist concepts and methods. And although Bayes’ theorem is a standard statistical
tool, it involves unfamiliar probability operations. Bayesian methods are therefore often regarded as
more complex and more mathematical than frequentist methods, but this is an unfair perception. One
purpose of this article is to demonstrate that Bayesian methods can be equally straightforward to apply
in practice.

1.4

Prior information

The potential benefits of using Bayesian methods in metrology are two-fold. First, adopting the Bayesian
framework provides a rigorous and legitimate way to combine Type A and Type B evaluations. Second, the
incorporation of the metrologist’s prior knowledge in Type A evaluation may strengthen the measurement
and allow smaller uncertainties to be reported from a given sample of data.
Bayesian methods will require the specification of a prior distribution that represents the metrologist’s
judgement about the likely values of a quantity before seeing the data that will be used to obtain the
measurement result, based on background knowledge and experience. As such, it is necessarily subjective;
different metrologists in the same context might express different prior judgements, although it is the prior
knowledge and professional judgement of the metrologist who is responsible for the measurement result
that matters. Bayesian methods are widely used in almost all areas where statistical analysis is employed,
but they often face resistance because of the subjective nature of the prior distribution. In metrology,
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the use of a prior distribution may be viewed, we believe unfairly, as compromising or undermining the
objectivity of the data.
To address concerns about subjectivity, some practitioners of Bayesian statistics use so-called noninformative prior distributions that are supposed to be objective representations of prior ignorance. In
metrology, the standard deviation of the prior distribution expresses the strength of prior information.
The larger is the characteristic uncertainty, the weaker is the prior information. A noninformative prior
distribution should therefore have a standard deviation that is so large as to be effectively infinite. Using
such a prior distribution, it is claimed, should gain the first benefits of Bayesian methods, namely a
rigorous framework for combining Type A and Type B evaluations, without contaminating the data with
the metrologist’s subjective judgements.
Attractive though this approach might be, it is controversial for several reasons.
• Numerous different formulations have been proposed for representing the notion of prior ignorance,
and in any given situation they may give different ‘noninformative’ distributions. There is no unique,
objective distribution to represent a state of complete or near ignorance regarding a measurand.
• In practice, there is always some prior knowledge. For example, without some idea of likely values
for a measurand it is not possible to devise a suitable measurement procedure, and there is always
prior knowledge about the error characteristics of any instrument.
• Claiming prior ignorance when there is in fact some prior information implies failing to use all
available information regarding the measurand. That may be seen as unscientific, and even a
derogation of duty.
Ultimately, the notion that subjectivity is unacceptable in science is widespread but demonstrably false.
Subjective judgement is a feature of all scientific activity: examples include formulating hypotheses,
building models, designing experiments, choosing how to analyse data and interpreting data. Good
science involves judgements and opinions being formed carefully and rigorously, scientifically, and being
open to challenge in the forum of scientific debate and peer review.
It is our opinion, therefore, that where genuine prior knowledge exists it should be acknowledged and
used, in the form of an informative prior distribution, and not denied by substituting a ‘noninformative’
distribution. An informative prior distribution will in general allow the reporting of a smaller measurement uncertainty and a correspondingly narrower 95 % coverage interval. However, these benefits depend
on the prior distribution being realistic.
A 95 % interval for an unknown quantity should contain the true value of that quantity with probability 0.95. The practical meaning of this statement in metrology is that over a long period of time, when
a metrologist constructs many 95 % intervals for many measurands, then approximately 95 % of those
intervals should contain the true values of those measurands. This statement will be true when the intervals are constructed as confidence intervals, using the frequentist approach to statistics, provided that the
statistical model used to construct the intervals is valid. It is straightforward to show (see Appendix A)
that it is also true for Bayesian intervals, but only on the additional condition that the prior distributions
for those measurands are realistic. That is, the true measurands should behave as if they have been
sampled from their prior distributions. If, for instance, the true values of the measurands were mostly to
lie in the upper tails of the metrologist’s prior distributions, then those prior distributions would not be
realistic. The metrologist’s prior judgements would consistently underestimate the measurands, and we
would not expect 95 % of the resulting intervals to contain the true measurand values.

1.5

Desiderata for informative prior distributions in metrology

We have argued that prior information can and should be used in metrology to enhance the specific
data, and indeed that this is one of the important benefits of adopting a Bayesian paradigm. However,
we have also seen that (a) metrologists have understandable concerns about the use of subjective prior
information, (b) the performance of coverage intervals may be poor if the prior distribution is not valid,
and (c) Bayesian methods are generally seen to be complex and mathematically or computationally
demanding. These issues will need to be addressed if informative prior distributions are to find practical
application in metrology.
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We suggest the following list of desirable criteria, which all relate to research reproducibility [22].
• Justification. The prior distribution should be based on judgements that are open to scrutiny and
justified by reference to prior information and experience.
• Simplicity. The Bayesian procedure that derives the distribution of the measurand and summaries
such as standard or characteristic uncertainty should be documented in a peer-reviewed source. It
should be simple to use and to be replicated.
• Sufficient benefit. The benefits of incorporating the prior information, for instance in terms of
reduced measurement uncertainty, should be sufficient to warrant the use of the Bayesian procedure.
• Verification. The consistency of the prior distribution and the data should be capable of verification.

1.6

Outline of the paper

The organization of this paper is as follows, Section 2 considers the most widely used case of Type A
evaluation, in which the data comprise a sample of independent determinations with normally distributed
observation errors. We introduce two simple informative prior distributions that represent the kind of
prior information that a metrologist will typically have, from previous experience and knowledge of the
measurement procedure, regarding the magnitude of the observation errors (Justification). We provide
simple formulae for deriving the posterior distribution and relevant summaries (Simplicity). We show
how the addition of this information materially reduces uncertainty in the measurand (Sufficient benefit),
and we also show how the validity of the prior information can be verified in practice (Verification).
In Section 3, we consider the case where a measurement model has multiple inputs, in some or all of which
it is possible to apply the new informative priors. The approach is illustrated in a numerical example
using a model with six inputs. The reduction in the characteristic uncertainty of the measurand achieved
through using the two simple informative prior distributions is examined, and the validity of the prior
information is tested.
Section 4 summarises the findings and conclusions of this article.

2

Type A evaluation

The canonical example of Type A uncertainty evaluation is as follows. We have a sample x = (x1 , . . . , xn )
of n observations, assumed to be distributed independently as N(µ, σ 2 ), where µ is the (unknown) population mean, while σ 2 is the (unknown) population variance. We will consider measurement models in
which a measurand is expressed in terms of two or more input quantities in Section 3, but here, in the
context of its Type A evaluation/measurement we refer to µ as the measurand.
We denote the sample mean by x̄ and the sample variance by
n

s2 =

2.1

1 X
(xi − x̄)2 .
n − 1 i=1

Noninformative prior distribution

The standard non-Bayesian Type A evaluation for this problem, given in the GUM, estimates µ by x̄ and
expresses uncertainty through a standard uncertainty u(x̄) and expanded uncertainty U (x̄) given by
s
s
u(x̄) = √ ,
U (x̄) = k(n − 1) √ ,
n
n
where k(d) is the 97.5 % quantile of the Student t distribution with d degrees of freedom.
Supplement 1 to the GUM (GUM-S1) [7] gives a Bayesian Type A evaluation for this problem in which
the posterior distribution of µ is a scaled and shifted t distribution with mean x̄, standard deviation
r
n−1 s
√
u(µ) =
n−3 n
5

and degrees of freedom n − 1.
Part of the controversy over frequentist versus Bayesian inference in metrology concerns the difference
between
larger than the frequentist u(x̄) by the
pthe two standard uncertainties. The Bayesian u(µ) is √
factor (n − 1)/(n − 3). However, the interval x̄ ± k(n − 1)s/ n is a 95 % coverage interval in both
analyses.
The authors have criticized the use of a standard deviation as a measure of uncertainty [10] on the
grounds that (a) it has conceptually different interpretations in the frequentist and Bayesian paradigms,
(b) it is neither helpful nor meaningful for the recipient of a measurement result, (c) it can be infinite
and (d) it is unduly sensitive to the possibility of large measurement errors. They argue that it is more
meaningful to tie the primary expression of uncertainty to the width of the 95 % coverage interval. They
introduce the characteristic uncertainty c(X) of a measurand X, defined to be such that there is a 95 %
probability that X will lie within ±2c(X) of the estimate. The characteristic uncertainty is well-defined,
always finite and relatively insensitive to the chances of extreme measurement errors. Furthermore, the
definition of the characteristic uncertainty makes it unnecessary to report both standard uncertainty and
expanded uncertainty. For the Type A evaluation based on a normal sample,
c(µ) =

s
1
k(n − 1) √ .
2
n

Although not stated explicitly in GUM-S1, the posterior distribution of µ given therein derives from a
noninformative prior distribution that is commonly used to represent no prior knowledge about either µ
or σ 2 . See Appendix B for details of this distribution.
The metrologist may of course have, on the basis of experience or judgement, subjective prior knowledge
about the measurand, which can be formally incorporated into the analysis, but it will generally be
thought controversial, inappropriate or even inadmissible to influence the estimated value of the measurand in this way. However, the metrologist will also typically have at least some knowledge about the
precision of measuring instruments and procedures, based on manufacturers’ specifications, data sheets
and/or experience. Therefore, relatively uncontroversial prior information about σ 2 will very often exist
and, if such information can be incorporated into the Type A evaluation through the use of an informative
prior distribution, this should be reflected in reduced posterior uncertainty. Specifically, we should see a
reduction in both standard uncertainty and characteristic uncertainty, allowing the metrologist to report
a stronger measurement result.

2.2

Simple informative prior distributions

We now suppose that the metrologist can specify prior information about the error variance σ 2 , but
that the prior distribution for µ is still to be noninformative, reflecting no prior knowledge about the
measurand’s value. We recognise that Bayesian statistical methods are unfamiliar to most metrologists
and can be complex to apply. For any such method to be adopted in regular metrological practice, it
must satisfy the desirable criteria listed in Subsection 1.5.
The following two specific informative prior distributions, representing different strengths of prior knowledge, are developed in Appendix B.
• The Mildly Informative Prior (MIP) distribution. The weaker of the two distributions is denoted
by MIP(v) and is recommended when the metrologist can be confident that σ 2 will lie within a
factor of 9 either side of an estimate v.
• The more Strongly Informative Prior (SIP) distribution. The stronger of the two distributions is
denoted by SIP(v) and is recommended when the metrologist can be confident that σ 2 will lie within
a factor of 3 either side of an estimate v.
Appendix B shows that these prior distributions are easy to specify and to justify in practice, meeting the
Justification criterion. Furthermore, they meet the Simplicity criterion because they have the property
that estimates and uncertainty measures can be derived in closed form as simple formulae.
Full details of these distributions will be found in Appendix B. In each case, the use of the distribution
requires only a prior estimate v. The choice of distribution, MIP or SIP, expresses the strength of prior
6

knowledge, through a judgement of confidence that σ 2 will lie within a factor 9 or 3, respectively, either
side of v. Specifically, the metrologist should feel at least 95 % certain that σ 2 will be in that range.
The MIP distribution represents weak prior knowledge about a variance, and we suggest that at least
this degree of prior knowledge will be justifiable in the great majority of problems in metrology. In many
cases, the more informative WIP distribution should also be justifiable. Instances of the availability of
prior information where these distributions could be applicable are in dimensional metrology [11], sludge,
biowaste and soil sampling [14], and manufacturing metrology [21].
Other informative priors have been used for Type A uncertainty evaluation, but fail to satisfy our criteria.
Cox and Shirono [9] use a Jeffreys’ prior truncated above and below. Truncating the Jeffreys’ prior [9]
either involves an arbitrary choice of truncation points or else explicit judgements about where to place
them, knowing that if the resulting prior is to have any informative value the answer will depend on
those points. Such choices will be challenging to justify in practice, and the truncated distribution does
not yield simple formulae for the estimate or uncertainty measures. Van der Veen [23] considers some
weakly informative priors for various forms of Type A uncertainty evaluation, but there are again no
simple formulae for the estimate or measures of uncertainty. Instead, calculations need to be carried out
using Markov chain Monte Carlo methods.

2.3

The effect of additional information

A proposed new method should of course also offer some tangible advantage over an existing method
(Sufficient Benefit), which in this case should be an expected reduction in uncertainty measures. The
existing method is the Bayesian analysis with noninformative prior distribution, or equivalently the widely
used non-Bayesian method of the GUM, under which c(µ) is as given in Subsection 2.1. We will compare
the standard and characteristic uncertainties obtained using the noninformative prior (NIP) distribution
with those obtained with an MIP or SIP distribution.
Appendix B.3 shows that for all three prior distributions the posterior distribution of µ is a scaled and
shifted Student t distribution with mean x̄. Hence all three distributions yield the same estimate of µ,
m(µ) = x̄ .
However, they yield different standard uncertainties
r

d∗
∗
d −2

u(µ) =
and characteristic uncertainties

k(d∗ )
c(µ) =
2

r

r

v∗
n

v∗
,
n

where the values of d∗ and v ∗ are given in Table 1.
Table 1: Posterior degrees of freedom d∗ and variance factors v ∗ for three prior distributions
Prior
NIP
MIP(v)
SIP(v)

d∗

v∗

n−1
n+2
n+7

s2
[3v + (n − 1)s2 ]/(n + 2)
[8v + (n − 1)s2 ]/(n + 7)

In effect, the prior information in the MIP and SIP distributions is equivalent to a pseudo-sample of 4 or 9
additional observations, respectively, in each case with a pseudo-sample variance of v. In the d∗ column
of Table 1, we see that the additional pseudo-sample size increases the sample degrees of freedom n − 1
by 3 or 8, respectively. In the v ∗ column, the pseudo-sample variance v is combined with the sample
variance s2 in the natural way.
The effect of these informative prior distributions on both standard and characteristic uncertainty is seen
primarily in the posterior degrees of freedom d∗ . For the standard uncertainty, increasing d∗ reduces the
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p
factor d∗ /(d∗ − 2), while for the characteristic uncertainty larger d∗ decreases k(d∗ ). In both cases,
moving from NIP to MIP to SIP produces systematic reductions in these uncertainty factors.
The effect of the prior information on the v ∗ term is to pull the sample estimate s2 of σ 2 towards the
prior estimate v. The pull is stronger with the more informative SIP than with MIP. If s2 is larger than v,
then v ∗ will be smaller than s2 , again reducing the standard and characteristic uncertainties. Conversely,
if s2 is smaller than v the uncertainty will be increased. However, v ∗ is expected to be neither larger nor
smaller than s2 ; they are both estimates of σ 2 . Overall, therefore, the informative prior distributions will
reduce both measures of uncertainty, primarily by increasing d∗ .
In practice, the reductions in standard and characteristic uncertainties are almost identical. For the
remainder of this article we will focus on characteristic uncertainty, first because we believe it is a more
meaningful expression of uncertainty [10], and second because it links directly to the 95 % interval and we
also wish to study the effect of informative priors on coverage. Our conclusions will hold equally strongly
for those who prefer to report standard uncertainties.

2.4

Numerical example 1

To illustrate the benefits of the informative MIP and SIP prior distributions over the noninformative NIP
distribution, as well as to identify the price to be paid for those benefits, we present a simple example in
the case of one normal sample.
We therefore consider a single normal sample as set out at the beginning of this section, and contrast the
characteristic uncertainties and coverage probabilities from the noninformative NIP prior distribution,
with those from the informative MIP and SIP distributions. We set the sample size to n = 5 and for
MIP and SIP we set v = 1.
Figure 1 shows the expected characteristic uncertainty as a function of σ using the NIP (noninformative), MIP and SIP prior distributions. The expected characteristic uncertainty using the NIP distribution, which is equivalent to the standard frequentist analysis of the GUM, is linear in σ, while the values
for MIP and SIP, computed by a Monte Carlo method with 106 samples as set out in Appendix C, show
the influence of the prior information.

Figure 1: Expected characteristic uncertainty as a function of σ using the NIP (noninformative), MIP
(mildly informative) and SIP (strongly informative) prior distributions for a sample of size 5
Considering first the SIP prior distribution, the metrologist’s judgement here is that σ 2 is highly likely
to lie within a factor 3 either side of the prior estimate v = 1, and hence that σ is highly likely to be
in the range 3−1/2 = 0.577 to 31/2 = 1.732. This range is shown in green in Figure 1. Although the
prior distribution will yield a characteristic uncertainty that is higher on average than the standard GUM
proposal (the NIP line in Figure 1), if σ is smaller than the metrologist expected, conversely it will give
a lower characteristic uncertainty if σ is as the metrologist expected or larger. Overall, if σ 2 were indeed
drawn randomly according to the metrologist’s SIP prior distribution then with probability 0.9 this prior
distribution would give a lower characteristic uncertainty than the noninformative prior distribution; the
median percentage reduction (the reduction which is achieved or exceeded with probability 0.5) would
8

be 19.1 %.
Turning to the weaker MIP prior distribution, the metrologist’s judgement in this case is that σ will lie in
the range 0.333 to 3 with high probability. This range is also marked, in red, in Figure 1. We see a similar
pattern to that observed with the SIP distribution. Overall, if σ 2 were indeed drawn randomly according
to the metrologist’s MIP prior distribution then this prior distribution would give a lower characteristic
uncertainty than the noninformative prior distribution with probability 0.8, and the median percentage
reduction would be 15.9 %.
These gains relative to the standard GUM formulation are achieved conditional on the metrologist’s prior
information being valid, in the sense that over many applications the true values of the underlying error
variance σ 2 behave as if drawn randomly from the stated prior distribution. To assess the consequences of
the prior information not being valid in this sense, we consider the coverage of the implied 95 % coverage
interval m(µ) ± 2c(µ). Figure 2 shows the coverage probability as a function of σ for the three priors,
and again the most likely ranges for σ according to the MIP and SIP prior distributions are shown.

Figure 2: Coverage probability as a function of σ using the NIP (noninformative), MIP (mildly informative) and SIP (strongly informative) prior distributions for a sample of size 5
The coverage probability is identically 0.95 (95 %) by construction for the NIP prior distribution, for
all σ 2 . For both informative priors, the expected coverage is also 95 % if the prior distribution is valid.
However, Figure 2 shows the consequence if the metrologist misjudges the likely values of σ 2 . The coverage
in both cases is a decreasing function of σ and for small values of σ approaches 100 %. Therefore, if the
true error variance is appreciably smaller than the metrologist expects, then the informative prior will
result in a conservative evaluation of uncertainty. That is, the metrologist will report a characteristic
uncertainty implying a 95 % coverage interval that in fact is almost certain to contain the true value of µ.
Conversely, though, if the metrologist under-estimates the likely value of σ 2 the resulting characteristic
uncertainty will also be under-estimated and the implied 95 % coverage interval will have an actual coverage probability appreciably below 95 %. If. for instance, despite specifying the SIP(1) prior distribution,
and hence that the metrologist is confident that σ will not exceed 1.732, the true value of σ is 3 or more,
then the coverage probability will be less than 80 %. Just as the gains in terms of reduced characteristic
uncertainty are greater with the stronger SIP prior distribution, the consequences of mis-specifying the
prior information, and in particular of under-estimating σ 2 , are greater.
The above illustrations are for v = 1, but the benefits of utilising MIP and SIP prior distributions would
be the same for any value of v if they are valid judgements, and the consequences of under-estimating σ 2
would be the same for any value of v. In particular, graphs of expected characteristic uncertainty and
coverage probability for different
√ values of v would be identical to Figures 1 and 2 except that the x-axis
values would be multiplied by v.
The illustrations are also for n = 5. The reduction in characteristic uncertainty will be smaller for larger
values of n, but will also be even larger for n < 5, as shown in Table 2.
We suggest that for sample sizes of 8 or less, the informative prior distributions satisfy our criterion of
Sufficient benefit by offering substantial reductions in reported uncertainty.
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Table 2: Median percentage reduction in characteristic uncertainty using MIP and SIP prior
distributions, relative to the noninformative NIP distribution, for different sample sizes n
n
2
3
4
5
6
7
8
9
10

2.5

MIP/%

SIP/%

72.9
37.9
23.1
15.9
11.9
9.3
7.6
6.4
5.5

75.5
42.0
26.9
19.1
14.6
11.6
9.5
8.1
7.0

Reality checking

However, there is an onus on the metrologist to justify the choice of an informative prior distribution.
The primary requirement is to be able to document the evidence and experience in support of a prior
estimate v for σ 2 such that the metrologist can be confident that σ 2 lies within a factor 3 (for SIP) or 9
(for MIP) either side of v. The sample data cannot be used to estimate or suggest a value for v; the
evidence in support of the prior distribution must be prior knowledge.
Two suggestions can be made to assist with the choice.
First, it can be noted that it is safe to err on the side of expressing weaker prior information. If, for
instance, the metrologist can justify confidence that σ 2 lies within a factor 5 of v, then the MIP prior is
acceptable. The expected coverage of the resulting 95 % intervals with the weaker prior will actually be
greater than 95 %, while there will still be some gain in terms of shorter intervals and reduced characteristic
uncertainty compared with the standard frequentist method of the GUM.
Second, it is possible to test whether the observed sample variance s2 is consistent with the stated prior
distribution for σ 2 . Formally, if the prior distribution is valid, the predictive distribution of the ratio s2 /v
is Fn−1,8 for the SIP prior, and Fn−1,3 for the MIP prior, where Fν1 ,ν2 denotes the Snedecor F distribution
with degrees of freedom ν1 and ν2 . There would be concern about the validity of the prior distribution if
the ratio is very large, since this would suggest that σ 2 is larger than expected by the prior distribution,
and this is when the coverage decreases significantly. It is therefore suggested that a laboratory using
these simple informative prior distributions should routinely compute s2 /v. Over time, these values
should resemble random draws from the corresponding F distribution. A single particularly large value
should be cause for investigation and possible choice of an alternative or weaker prior distribution.
The metrologist does not, however, need to be familiar with F distributions because Table 3 suffices to
facilitate these checks. For each value of n from 2 to 10, and for each informative prior distribution,
four percentiles are given, the 25th, 50th, 75th and 95th. Over time, when using these distributions for
many measurements, the metrologist should find that approximately equal numbers of the computed s2 /v
values lie below the corresponding 25th percentile, between the 25th and 50th, between the 50th and 75th,
and above the 75th. Values above the 95th percentile should be found only occasionally (approximately
once in 20 measurements).
If the four proportions are far from equal, or if values of s2 /v exceed the 95th percentile, the following
actions may be suggested.
• If many more s2 /v values fall below the corresponding 50th percentiles than above, this suggests
that the metrologist may be tending to give values of v that are too large, thereby overestimating
the values of σ 2 . Smaller characteristic uncertainty values could overall have been reported by
better prior estimation of σ 2 .
• Conversely, if many more s2 /v values fall above the corresponding 50th percentiles than below,
this suggests that the metrologist may be tending to give values of v that are too small, thereby
underestimating the values of σ 2 . This is a more serious departure from the norm of equal propor10

Table 3: Percentiles of F distributions

n

25th

MIP
50th 75th

95th

25th

SIP
50th 75th

95th

2
3
4
5
6
7
8
9
10

0.12
0.32
0.42
0.49
0.53
0.56
0.58
0.60
0.61

0.59
0.88
1.00
1.06
1.10
1.13
1.15
1.16
1.17

10.13
9.55
9.28
9.12
9.01
8.94
8,89
8.85
8.81

0.11
0.30
0.41
0.49
0.53
0.56
0.59
0.61
0.63

0.50
0.76
0.86
0.91
0.95
0.97
0.99
1.00
1.01

5.32
4.46
4.07
3.84
3.69
3.58
3.50
3.44
3.39

2.02
2.28
2.36
2.39
2.41
2.42
2.43
2.44
2.44

1.54
1.66
1.67
1.66
1.66
1.65
1.64
1.64
1.63

tions, because it will mean that the metrologist’s reported characteristic uncertainty values may
have been overall too small.
• If, when using the MIP prior distribution, many more s2 /v values fall between the corresponding
25th and 75th percentiles than outside this range, this suggests that the metrologist could more
often justify using the stronger SIP distribution.
• Conversely, if when using the SIP prior distribution many fewer s2 /v values fall between the corresponding 25th and 75th percentiles than outside that range, this suggests that the metrologist
is often using the stronger prior distribution when only the weaker MIP distribution would be
justified.
• A single value of s2 /v exceeding the 95th percentile is a cause for concern because it suggests that
the informative prior distribution may not be valid, and that the characteristic uncertainty is likely
to be underestimated. Such values can be expected to occur by chance, about once in every twenty
measurements, even if the prior distribution is valid but should always cause the metrologist to
check their justification.
Table 3 and the above check actions could be printed and provided as a standard laboratory reference
document.
The ability to validate the prior distribution by checking its consistency with the data is an important
practical feature of our proposed simple informative Bayesian methods, and satisfies our Verification
criterion.

3

Informative prior distributions for model inputs

In Section 2 we considered a single Type A evaluation of a measurand X, but measurement often involves
a measurement model to relate the measurand Y to a number of inputs X1 , X2 , . . ., each of which may
have Type A or Type B evaluation. The simple informative prior distributions proposed in Section 2.2
have a role to play here, too, since reduced uncertainty about any of the model inputs should lead to
reduced uncertainty about the measurand. We will illustrate the extent of this reduction using an example
in which there are six Type A evaluations.

3.1

Numerical example 2

The Standards Publication CEN/TR 16988:2016 [2] is entitled ‘Estimation of uncertainty in the single
burning item test’. Clause 2.5.13.2 deals with the uncertainty concerning an input described as the
‘velocity profile correction factor’, which we will denote by κ and which is expressed using the sub-model
5

κ=

1 X wi
5 i=1 wc
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(1)

with six input quantities. wi , i = 1, . . . , 5, are measurements taken on five different radii and wc is a
central measurement. Each measurement is actually the average of four indications taken at 90◦ intervals.
The six GUM Type A evaluations are reported in Table 4. The characteristic uncertainty of each input is
the standard uncertainty multiplied by k3 /2 = 1.591. The same results would be obtained from Bayesian
Type A evaluations using the noninformative NIP prior distribution in each case.
Table 4: GUM/NIP evaluations, Example 2
Quantity

Estimate
/ms−1

Standard
uncertainty/ms−1

Degrees of
freedom

Characteristic
uncertainty/ms−1

w1
w2
w3
w4
w5
wc

7.00
9.39
10.62
11.25
12.37
12.39

1.132
0.412
0.531
0.180
0.233
0.636

3
3
3
3
3
3

1.801
0.656
0.845
0.286
0.355
1.012

Cox and O’Hagan [10] propagate these uncertainties through the model (1) using the Monte Carlo method,
showing that the median estimate of κ is 0.817 and its characteristic uncertainty is 0.076. They also employ an approximate computation in which the law of propagation of uncertainty is used to propagate
characteristic uncertainties through a linearised version of the model, obtaining the same median estimate and an approximate characteristic uncertainty of 0.075. We now consider the effect of introducing
informative prior distributions.
We suppose that the metrologist provides the same prior distribution for the each input’s σ 2 parameter,
with an estimate of v = 0.25 m2 /s2 . That is, in each case the metrologist estimates the standard deviation
of the Gaussian sampling error to be 0.5 m s−1 . We consider the effect of using independent MIP(v) prior
distributions for all six inputs, and of using SIP(v) prior distributions instead.
The evaluations of the various inputs now yield scaled and shifted t distributions with parameters d∗
and v ∗ as specified in Table 1. Thus the degrees of freedom are d∗ = 6 and d∗ = 11 with MIP and SIP
prior distributions, respectively. In Table 5, the second and third columns give the corresponding values
of v ∗ . Using the Monte Carlo method, we sample from these distributions and apply equation (1) to
obtain a sample of κ, from which the characteristic uncertainties are found to be 0.052 with MIP prior
distributions and 0.045 with SIP distributions.
Table 5: Computations with MIP and SIP prior distributions, Example 2
Input
quantity
w1
w2
w3
w4
w5
wc

MIP
v∗

SIP
v∗

0.7657
0.2099
0.2660
0.1412
0.1521
0.3272

0.5313
0.2281
0.2587
0.1907
0.1966
0.2921

s2 /v
5.13
0.68
1.13
0.13
0.22
1.62

As expected, the additional prior information has reduced the measurement uncertainty regarding κ
compared with the characteristic uncertainty of 0.076 obtained with noninformative prior distributions.
The reductions achieved by the MIP and SIP distributions are substantial in this example, more than 30 %
and 40 % respectively.
We now apply the reality check suggested in Subsection 2.5. The relevant row of Table 3 is for n = 4.
We only have six values for s2 /v, but none of the checks suggested there indicate a problem with the
prior distribution except the last one. If we use SIP prior distributions then one of the values (5.13)
exceeds the 95th percentile (4.07). Although one such instance in six measurements is not particularly
unexpected, the reality checks suggest that in this case the metrologist should use the MIP distribution.
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The prior information in this example is of course not a genuine metrologist’s opinion but arbitrarily
chosen for the purpose of illustration. In practice, a metrologist having such a sample of just six s2 /v
values might still use the SIP prior distribution if they felt it could be fully justified.

4

Conclusions

The metrologist frequently has prior knowledge concerning the likely magnitude of errors in the sample
indications for a quantity subject to Type A evaluation. We have presented two simple prior distributions, the MIP and SIP distributions, to encode such prior information. We have shown how they
can be rigorously justified in practice through specific prior judgements, presented simple formulae to
incorporate them in a Bayesian Type A evaluation and given equally simple procedures to verify their
validity over a series of measurements. We have presented examples illustrating the benefits of these
prior distributions in terms of reduced measurement uncertainty in Type A evaluation, and showing how
even larger reductions in uncertainty for a measurand can be achieved when several Type A evaluations
contribute to a measurement model. Although those reductions in uncertainty have been presented in
terms of characteristic uncertainty, almost identical reductions are achieved in standard uncertainty.
The mildly informative MIP and the more strongly informative SIP prior distributions have thereby
been shown to satisfy the desiderata of Justification, Simplicity, Sufficient benefit and Verification for
informative Bayesian methods to be acceptable for use in metrology.
Type A evaluation from a sample of indications assumed to be normally distributed is employed daily by
metrologists in laboratories world-wide. In all these applications, the MIP and SIP prior distributions offer
substantial reductions in measurement uncertainty over the existing GUM procedure, without requiring
any more sophisticated computations.
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A

Expectations of Bayesian coverage intervals

Here we prove the result stated in Section 1.4 concerning the expected coverage of Bayesian intervals.
In this appendix we will denote the measurand by θ and the data to be used in a Type A evaluation
of θ by t. Bayesian methods derive the posterior distribution of θ, denoted by p(θ | t) by applying Bayes’
theorem to combine the prior distribution p(θ) with the information in the data, represented by the
likelihood function p(t | θ). Various forms of Bayesian inference may then be obtained from the posterior
distribution. We focus on a 95 % coverage interval, usually referred to in Bayesian analysis as a posterior
credible interval Θ(t) defined such that P(θ ∈ Θ(t) | t) = 0.95. This is a conditional probability that
applies for given data t. The claim in Section 1.4 is that the unconditional probability P(θ ∈ Θ(t)) is
also 0.95.
There are two random variables here, θ and t, and we are considering an event, θ ∈ Θ(t), that depends
on both. In general, consider an event F depending on two random variables Y and Z. It is a standard
result in probability theory (known as the law of total probability, a special case of the law of iterated
expectation) that
P(F ) = E(P(F | Z)) .
(2)
The interpretation here is that on the left-hand side the probability of F is unconditional, and therefore
averaged over the joint distribution of both Y and Z. On the right-hand side, the term P(F | Z) is the
conditional probability of F , averaged over the conditional distribution of Y given Z. This conditional
probability is in general a function of Z, and we then take the expectation of this function, averaging
with respect to the marginal distribution of Z.
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We will apply the general result in two different ways. In both cases, we take F to be the event θ ∈ Θ(t).
First let Y to be the measurand θ and Z the data t; then the theorem says
P(θ ∈ Θ(t)) = E(P(θ ∈ Θ(t) | t)) ,
but the Bayesian interval has the property that P(θ ∈ Θ(t) | t) = 0.95, a constant, for all t, and the
expectation of a constant is a constant. Therefore the unconditional probability P(θ ∈ Θ(t)) is also 0.95.
However, it is important to recognise that the Bayesian posterior distribution is only a valid opinion for
the metrologist regarding the measurand after seeing the data t if the prior distribution is a valid opinion
before the data. Hence the statement P(θ ∈ Θ(t) | t) = 0.95 and the above proof depends on the validity
of the prior distribution.
The role of the prior distribution becomes clearer if we reverse the roles of Y and Z in equation (2) so
that now Y is t and Z is θ. The theorem now says that
P(θ ∈ Θ(t)) = E(P(θ ∈ Θ(t) | θ)) .
The probability P(θ ∈ Θ(t) | θ) is the frequentist coverage probability, in which we consider the measurand θ to be fixed and compute the frequency with which θ ∈ Θ(t) over an infinite sequence of random
draws of the data t. For a frequentist 95 % interval, this coverage is 0.95 for all θ, and since this is constant
the unconditional probability is also 0.95. In the case of a Bayesian interval, however, P(θ ∈ Θ(t) | θ)
depends on θ. We have proved that the unconditional probability is 0.95, and hence its frequentist coverage will average to 0.95 when averaged with respect to the prior distribution. The practical meaning of
this is that over a long sequence of measurements the Bayesian intervals will contain the true measurand
values 95 % of the time if, and only if, the corresponding θ values behave as if they are sampled from the
metrologist’s prior distribution

B

Simple informative prior distributions

The MIP and SIP distributions are members of a larger class of distributions known as inverse-chisquare (ICS) distributions; these two specific members of that class are recommended for use by metrologists because of the ease with which they can be justified in everyday metrology. In this appendix,
we present some theory of inverse-chi-square distributions and develop the MIP and SIP cases that are
presented in Section 2.2 as simple ‘default’ choices for variances of measurement devices in metrology.
If a parameter z has the ICS distribution with degrees of freedom d and scale v, which we write as
σ 2 ∼ vdχ−2
d . Then the density function of z has the form
f (z) =

(vd/2)d/2 −1−d/2
z
exp(−vd/(2z)).
Γ(d/2)



The expectation of z is E(z) = vd/(d − 2) and the variance is Var(z) = 2v 2 d2 / (d − 2)2 (d − 4) =
2E(z)2 /(d − 4), provided d > 2 and d > 4, respectively [20, section 11.5].
ICS distributions provide a flexible family to represent prior information about a variance parameter σ 2 .
They are defined for positive quantities, and through the choice of degrees of freedom and scale they
can represent a wide range of prior knowledge about σ 2 . For instance, if the analyst has a prior mean t
for σ 2 , with variance w, then this can be represented by an ICS prior distribution with degrees of freedom
d = 4 + 2t2 /w and scale v = t(w + t2 )/(2w + t2 ).
This is not a recommended way to specify a prior distribution, however, because judgements of mean and
variance are unreliable. Indeed, research in psychology has identified numerous ways in which people make
poor judgements regarding uncertain quantities [19]. Formal protocols for eliciting expert judgements,
such as the SHELF protocol, [17, 18] are the gold standard for formulating prior distributions, but require
resources and expertise that are generally unavailable to a laboratory making routine measurements.
The noninformative prior distribution for σ 2 that is implicitly used in GUM-S1 to derive the Bayesian
analysis presented in Section 2.1 is a limiting case of an ICS distribution in which the degrees of freedom
parameter tends to zero (referred to as NIP here).
As alternatives to the noninformative formulation, we propose two informative ICS distributions that can
be assigned in practice based only on simple judgements, even when prior information is relatively weak.
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The SIP(v) distribution has degrees of freedom 8 and scale v, while the MIP(v) distribution has degrees
of freedom 3 and scale v.

B.1

The SIP(v) distribution

Figure 3 shows the SIP(v) distribution.

Figure 3: Density function of SIP(v)
As a prior distribution for a variance σ 2 , it represents a judgement that σ 2 is most likely to be around
the estimate v, and is highly likely to be in the range v/3 to 3v.
Prior information about the magnitude of measurement errors is more naturally expressed in terms of
the standard deviation than the variance. The distribution of σ when σ 2 ∼ SIP(v) is shown in Figure 4.

Figure 4: Density function of the square root of SIP(v)
2
Thus,
√ a belief that σ is most likely to be around its estimate
√ the prior distribution σ ∼ SIP(v) represents
of v and is √
highly likely
to
be
within
a
factor
3 = 1.73 of that value. It is judged almost certain to be
√
in the range v/2 to 2 v. For an organisation carrying out regular testing with the same equipment, it
is reasonable to suppose that there will be at least this level of knowledge of the standard deviation of
measurement errors.

B.2

The MIP(v) distribution

The MIP(v) distribution is an alternative when there is less certainty about σ. Figure 5 shows the
distribution of σ when σ 2 ∼ MIP(v).
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Figure 5: Density function of the square root of MIP(v)
2
Thus,
that σ is most likely to be around its estimate
√ a belief √
√ the prior distribution σ ∼ MIP(v) represents
of v and is highly likely to be within the range v/3 to 3 v.

B.3

One normal sample with ICS prior

We show here that ICS distributions are also a convenient choice because they allow a simple application
of Bayes’ theorem to combine the prior distribution with the information in the data. Formally, they are
conjugate distributions for the variance of a normal sample.
Consider the case of a single normal sample, as in Section 2. Suppose that σ 2 ∼ vdχ−2
d , and suppose
that we assign a noninformative uniform prior to µ. Standard Bayesian analysis [20] yields a posterior
distribution with the following features.
∗
∗
2
∗
• σ 2 ∼ v ∗ d∗ χ−2
d∗ , where d = d + n − 1 and v = [vd + (n − 1)s ]/d . Thus, the n − 1 degrees of
freedom in the sample is augmented by the d degrees of freedom in the prior distribution. The
posterior scale parameter v ∗ is a weighted average of the prior scale parameter v and the sample
variance s2 , with weights equal to their respective degrees of freedom.

• µ has a scaled and shifted Student t distribution with mean x̄ and scale parameter v ∗ /n. Its
variance is v ∗ d∗ /[n(d∗ − 2)]. As long as d∗ is at least 3 (as it is with both the MIP and SIP prior
distributions), then the variance exists, even for a sample of size 1.
Therefore, a metrologist using an ICS prior distribution such as MIP(v) or SIP(v) will assign the median
estimate x̄, just as in the original GUM analysis, with characteristic uncertainty
r
k(d∗ ) v ∗
c(µ) =
.
(3)
2
n
Notice that when d = 0 the value of v is irrelevant: it has no effect on the posterior distribution of either µ
or σ 2 . This is why we omit v when designating the noninformative prior distribution as NIP.

C

Computations for normal sample example

Section 2.4 presents results for a single normal sample, using NIP, MIP and SIP prior distributions
for σ 2 . In general, consider a sample of size n and a sample variance of s2 , and for convenience we
write W = (n − 1)s2 /σ 2 . The characteristic uncertainty for the noninformative prior distribution (and
for the frequentist analysis) is half of the expanded uncertainty:
s
1
s
1
σ2 W
c(µ) = k(n − 1) √ = k(n − 1)
.
2
2
n(n − 1)
n
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For the MIP(v) prior, from (3),
1
c(µ) = k(2 + n)
2

s

3v + σ 2 W
,
n(2 + n)

(4)

8v + σ 2 W
.
n(7 + n)

(5)

and for the SIP(v) prior this becomes
1
c(µ) = k(7 + n)
2

s

Since W ∼ χ2n−1 , the expected values of these characteristic uncertainties can all be computed for given σ 2
and n by numerical integration or by a Monte Carlo computation.
The graphs of expected characteristic uncertainty for MIP and SIP priors in Figure 1 were computed
for n = 5, v = 1 and each value of σ by Monte Carlo, sampling 106 values of W .
Section 2.4 also reports the median percentage reduction in characteristic uncertainty obtained by the MIP
and SIP prior distributions, relative to the NIP distribution, and the probability that the reduction is
positive. In each case, the calculations assume that σ 2 is drawn from the metrologist’s prior distribution, MIP or SIP respectively. These were computed by Monte Carlo again, sampling 106 values of
both W and σ 2 . For each sampled pair, the characteristic uncertainties were calculated as given above
and the percentage reduction using the MIP or SIP prior was computed. The median reduction was then
computed as the median of the 106 percentage values and the probability of a reduction was computed
as the proportion of percentage reductions that were positive.
For each prior distribution, the 95 % credible interval is x̄ ± 2c(µ). For the noninformative prior distribution, the coverage probability is 95 %, for all σ 2 , but for the informative priors the coverage is a function
of σ 2 . To compute this, we note that the credible interval contains the measurand value µ if
2

(x̄ − µ) ≤ 4c2 (µ),
2

and we now let V = n (x̄ − µ) /σ 2 ∼ χ21 . The coverage probability can then be computed by a simple
Monte Carlo computation. In the case of the MIP(v) prior, randomly draw a value V from the χ21
distribution and a value W from the χ2n−1 distribution, and then evaluate the condition
2

[k(2 + n)] (3v + σ 2 W )
σ2 V
≤
n
n(2 + n)
and therefore
fV − W ≤
where
f=

3v
,
σ2

2+n
2

[k(2 + n)]

.

The coverage probability is then estimated by the proportion of times that this condition is satisfied in a
large number of simulated draws of (V, W ). The corresponding condition for the SIP(v) prior is readily
derived.
The graphs of coverage probability for MIP and SIP priors in Figure 2 were computed for n = 5, v = 1
and each value of σ by Monte Carlo, sampling 106 values of V and W .
Note that the coverage condition does not depend on µ at all, and only depends on σ 2 and v through
their ratio v/σ 2 .
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